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Abstract 

We present a way to associate an algebra Bg(T) with every pseudo reflection group 
G. When G is a Coxeter group of simply-laced type we show Bg(T) is isomorphic 
to the generalized Brauer algebra of simply-laced type introduced by Cohen, Gijsbers 
and Wales[10]. We prove Bg(T) has a cellular structure and be semisimple for generic 
parameters when G is a rank 2 Coxeter group. In the process of construction we intro- 
duce a Cherednik type connection for BMW algebras and a generalization of Lawrence- 
Krammer representation to complex braid groups associated with all pseudo reflection 
groups. 



1 Introduction 

> 

O . 

00 . The Brauer algebras Bn(T) were introduced by Brauer in 1930's, motivated by the purpose 

^ i of creating a Schur-Weyl duality for orthogonal groups and symplectic groups. Roughly 

^ I speaking the Brauer algebra Bn(T) is an algebra containing the group algebra of symmetric 

O I group kSn, and sharing many important properties with kSn- First, Bn(T) is semisimple 

for generic t as proved in [27], whence their irreducible representations are also labeled by 
Young diagrams. Secondly just as kSn has Hecke algebra as a deformation , which provide 
a way to define the HOMFLY polynomial invariants for Links, Brauer algebras have a natu- 
^ I ral deformation named Birman-Murakami-Wenzl algebras(also called BMW algebras), which 

dominate the Kauffman polynomial invariants in similar way [3] [23]. The Brauer algebras 
also admit cellular structures hke kSn in the sense of Graham and Lehrer[15]. 

As many objects related to Lie theory. In [10] Cohen, Gijsbers and Wales defined BMW 
algebras and Brauer algebras for simply-laced Coxeter groups. Those new algebras have 
almost all important algebraic properties of Bn(T). They were shown to be semisimple 
for Dn type for generic parameters, and admitting cellular structures ([11]). In [10] the 
author ask whether there exist a definition of generalized BMW algebras for non-simply 
laced Coxeter groups. In another way in [16] Haring-OIdenburg defined Cyclotomic BMW 
algebras and their degenerate version Cyclotomic Brauer algebras. These algebras were 
studied in many subsequent papers. 

In this paper we introduce an algebra Bg(T) for every Coxeter group and every pseudo 
reflection group G, where T is a set of parameters. These algebras have the following 
properties . 

If G is finite then Bg(T) is a finite dimensional algebra containing the group ring kG 
naturally. 



There exist a fiat formal connection which can deform every representation Bg(T) to a 
one-parameter family of representations of Aq, the braid group associated with G. One of 
these representations is the generalized Lawrence-Krammer representation. 

When G is a Coxeter group of simply-laced type, Bg(T) is isomorphic to the generahzed 
Brauer algebra introduced in [10]. When G is a pseudo reflection group of G(m, l,n) type, 
the cyclotomic Brauer algebra introduced in [16] is isomorphic to a natural quotient of our 
algebra Bcm. 

When G is a rank 2 Coxeter group the algebra Bg(T) is semisimple for generic T and 
admit a cellular structure(Thm 5.2,Prop5.2 ). 

Two major ingredients in the construction of Bg(T) are Cherednik type connections for 
BMW algebras and the generahzed Lawrence-Krammer representations of Cohen, Wales [9] 
and Marin [22]. 

Let Hn(q) be the Hecke algebra of the symmetric group Sn- Let 

Yn = {(zi, • • • ,Zn) e C^lzi ^ Zj, fot any i ^ j}. 

It is well-known that for generic q the set of irreducible representations of H^(q) is in one to 
one correspondence with the set of irreducible representations of S^. This correspondence 
has a geometric description. The Cherednik connection describe how a representation of Sn 
can be deformed to a representation of Hn(q). 

Let tuy = dlog(zi — Zj) for i < j be closed forms on Yn- The Cherednik connection is a 
formal fiat connection 

defined on the bundle Yn. x CSn- Where Si,j G Sn is the (t,j) permutation. 

Cyclotomic Hecke algebras also have such fiat connections as shown in [5]. Let G be 
a pseudo reflection group acting on a complex linear space E, let HG(q) be the associated 
cyclotomic Hecke algebra. We denote the set of reflection hyperplanes of G as {Hv}veP, and 
denote the set of pseudo reflections of G as R. Define v : R — > P by requesting the reflection 
hyperplane of s to be H^[s)- Denote Mg = E \ UigpHi being the complementary space of 
reflection hyperplanes. By Steinberg theorem [26] the induced action of G on Mg is free. 
Complex braid group Ag associated with G is defined as n-\ [Mq/G). For any v G P let fv 
be any nonzero linear function on E with kernel Hv, let cuv = dlogfy. The Cherednik type 
connection of G is defined on the bundle Mg x CG as follows 

Og = ^ k( Y_ ^^ss)a)v• 

veP s6R,v(s)=v 

Where {(J-slseR is a set of parameters satisfying |j,si = M^si if si is conjugate to S2. Suppose 
(V, p) is hnear representation of G, then we have a fiat connection on bundle Mg x V: 

P{D.g]=J_k[ Y_ ^sP(s])u;v. 
veP seR,v(s)=v 

p(nG) induce a fiat connection on the quotient bundle Mg Xg V which define a one 
parameter class of representations of Aq through monodromy. These monodromy represen- 
tations factor through HG(q) for suitable q.[5] 



It is known that for generic parameters the set of irreducible representations of BMW 
algebras is also in one to one correspondence with the set of irreducible representations 
of the Brauer algebra Bn(T). It is reasonable to expect that there exist Cherednik type 
connection for BMW algebras. 

We find the formal connection 0^1. = x^^^jlsy — eij)a)y defined on ¥„. x B^(t) is 
just what we want. It is fiat and can deform every representation of Brauer algebra to a 
representation of BMW algebra(Thm 3.2 ). Where ey G Bti(t) is the element described by 
the following graph. 
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Now we see the deformable property of CG and Bti(t) embody in the existence of a 
fiat formal connection describing the deformation. We hope generahzed Brauer algebras 
should be deformable and have such fiat connections as well. The concise form of above 
fiat connection motivate us to imagine that Bg(T) should be generated by elements in G 
along with a set of special elements {eJi^gp, such that the following formal connection CLq 
on Mg X Bg(T) is fiat and G-equivariant. 

Og = ^ k( ~ ev)cuv. 

veP seR,v(s)=v 

If all pseudo reflections in G have rank 2, and if we set all parameters |j.s = 1 , then the 
connection become: CIq = Y.v€P ^^^^ ~ ^v)<J^v, which has a form similar with Cl-n,. 

The flatness condition give some relations between Si's and Ci's. But these relations are 
too coarse to produce an interesting finite dimensional algebra. 

Annother common feature of BMW algebras of simply-laced types is that they all con- 
tain the generalized Lawrence-Krammer representations(from now on we call them by LK 
representations) defined in [9](see[10]). Infinitsiml version of LK representations are found 
by Marin[21]. They are described by some concise fiat connections. Marin then general- 
ized these fiat connections to all complex reflection groups( pseudo reflection groups whose 
pseudo reflections all have rank 2), thus generalize LK representations to all complex re- 
flection groups [22] (see 5.2). In section 4 We show LK representations can actually be 
generahzed to all pseudo reflection groups and have a very simple characterization. 

Let Vg = C{vt}|gp be a vector space with a basis in 1 to 1 correspondence with {HJigp, 
the set of reflection hyperplanes of G. Since G permutes the set of reflection hyperplanes, 
there is a natural representation l : G — > GL(Vg]. 

Theorem 4.2 For every t G P, suppose pi, G End(VG) is a projection to Cvi. Explic- 
itly suppose Pi(vj) = ayVi for j 7^ x; Pi(vi) = roiVi. Then the following connection on 
M.Q X Vg , Olk = Y-ieP '^(Xsrv(s)=i M-si-(s) — pi)cUi is fiat and G-equivariant if and only if 



(Xij = Xs.L(s)(vj)=vi l^s' ^''^'^ TOi = TOj i/ there exist w G G such that w(Ht) = Hj. 

When Olk satisfy the G invariant and flatness condition in Theorem 4.2, it induce a 
fiat connection Q.\x on the quotient bundle Mg xq Vg. We define the generahzed LK 
representation of Aq as the monodromy representation of Olk- When (Xj = 1 for all s, the 
connection Olk become the flat connection of Marin [22]. 

To find more relations for Bg(T) now we make annother request that all generahzed 
BMW algebras should contain generahzed LK representations. This condition can be pre- 
sented as: there exist some representation (V, p) of Bg(T), such that the connection p(Og) 
coincide with Olk- This request give us both restriction and indication on relations we are 
looking for. We find the algebra defined in Definition 5.1 satisfies these requests perfectly. 
Definition 5.1 The algebra Bg(T) associated with pseudo reflection group (V, G] is 
generated 6y {w}weG UleJigp, submitting to the following relations. Here P is the index 
set of reflection hyperplanes of G as deflned before. 

(0) W1W2 = W3 if W1W2 = W3; 

( 1) SiCi = eiSi = Ci, for i G P; 

(2) e? = miCi ; 

(3) wej = , i/ w G G satisfies w(Hj) = Hi/ 

(4) eiCj = ejCi, i/{ k G P| D Hi n Hj} = {i, 3} ; 

(5) CiCj = (ZseR(i,j) ^^ssjej , i/{k G PIH^ D n Hj} ^ and R(i, j) ^ 0. 

(6) CiCj = 0, i/{k G I|Hk D Hi n Hj} 7^ {i, j} and R(i, j) = 0. 

where R(i, j) = {s G R|s(Hj) = HJ. is any pseudo reflection fixing Hi. Constants {m-sIsgR 
satisfy [Xj, = |J,S2 si is conjugate to sz . Constants {niiligp satisfy mt = roj if there 
exists w G G such that w(Hi) = Hj. The symbol T means data {\Xs}Ll{mi}. 

For these algebras Bg(T), we prove they are finite dimensional( Thm 5.1 ), the con- 
nection CIq is G-invariant and fiat (Prop 5.1). And It is readily to see it could realize the 
connection O-ix- We hope these algebras satisfy other important properties of Brauer alge- 
bra: Semisimple for generic parameters; have cellular structures; can be deformed to certain 
generahzed BMW algebras. Existence of the connection Qbt seems supporting the last prop- 
erty. Section 5.2 is devoted to study of cases when G are dihedral groups. We prove they 
are semisimple for generic parameters(Thm 5. 2, Thm 5.5), and have cellular structures(Thm 
5.3, Prop 5.2). We hope these two properties hold for all Bg(7). 

In section 5.3 we construct canonical presentations of Bg(T) when G is a Coxeter group of 
finite type (Thm 5.10), when G is of simply-laced type, it can be seen from this presentation 
that Bg(T) coincide with the generahzed Brauer algebra in [9]. When G is a pseudo reflection 
group of type G(m, l,n) we also find a canonical presentation for Bg(T) (Thm 5.11 ), from 
which we see the cyclotomic Brauer algebra introduced in [12] is isomorphic to a quotient 
of Bg(T) by letting some element Ci to be zero. 



In the last section 5.4 we discuss the uniqueness of Bg(T). If we replace (6) in definition 
5.1 with a milder relation 

(6)' : Ciej = ejei,if{k G I|Hk D Hi n Hj} 7^ {i, j}andR(i, j) = 

and keep other relations, the resulted algebra 6g(T) satisfies all above mentioned prop- 
erties of Bg(T) except semisimplity and existence of a cellular structure. Proposition 5.4 
shows when G is a rank 2 Coxeter groups, for generic T the relation (6)' degenerate to 
relation (6). As we know BMW algebra have the same dimension for all parameters, propo- 
sition 5.4 seems proving 6g(T) isn't a good choice. 
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2 Preliminaries 

2.1 Brauer algebreis and BMW algebreis 

Brauer algebra Bn^(T) is a graphic algebra in the sense that it has a basis consisting of 
elements presented by graphs, and the relations between them can be described through 
graphs. Bti{t) has a canonical presentation with generators si,--- ,Sn-i, ei,--- ,en_-\ and 
relations hsted in table 1. BniT^] has a natural deformation discovered by Birman, Murakami, 
Wenzl which are now called BMW algebras [3] [23]. These algebras support a Markov trace 
which gives the Kauffman polynomial invariants of Links. We denote these BMW algebras 
as Bn,(T, I). Where I is a parameter of deformation. There is Bn(T) = Bn(T, 1). We list 
generators and relations of Bt^(t) and Btx(t, I) in table 1 according to [9]. Where m = . 





BnW 


Bn(T,l) 


Generators 


Si ■ ■ ,Sn— 1 i^l ,• • • ,6ti— 1 


Xi , • • • ,Xn-i; El ,• • • ,En._i 


Relations 


SiSi+1 Si = Si+l SiSi+1 


XiXi+iXi = Xi+iXiXi+i 




fori < i < TL — 2; 


fori < 1 < n — 2 ; 




SiSi_i Ci = ei_i SiSi_i 


XiXi_i Ei = Ei_i XiXi_i 




f or2 < i < n — 1 ; 


f or2 < i < u — 1 ; 




SiSi+1 Bi = Ci+i SiSi+i 


XiXi+i Ei = Ei+i XiXi+i 




fori < i < n — 2; 


fori < i < n — 2; 




SiSj = SjSi ,11- jl > 2; 


XiXj =XjXi,|i-j| >2 i 




= 1 , for all i; 


l[Xl + mXi - 1 ) = mEi, for all i; 




SiCi = ei,for all i; 


XiEi = r^Ei,for all i; 




eiSi+i ei = ei, 1 < i < n - 2; 


EiXi+iEi = lEi,1 <i<n-2; 




eiSi_i ei = ei, 2 < i < n - 1 ; 


EiXi_iEi = lEi,2<i<n-li 




Siej = ejSi, |i- jl > 1; 


XiEj =EjXi,|i-j| > 1; 




e? = TCi, for all i. 


E^ = TEi. 



The structure of Brauer algebras and BMW algebras are studied in [3] [27]. They have 
the following basic properties. 

Theorem (Wenzl) Let the ground ring be a field of character 0, then Bni^:) is semisimple 
if and only if t ^ Z or t G Z and t > n. 

Many algebras related to Lie theory including Hecke algebras, BMW algebras are cellular 
algebras defined as follows [15]. In the same paper Graham and Lehrer construct cellular 
structure for BMW algebras and Brauer algebrsa. 

Definition (Graham, Lehrer) [15] A cellular algebra over R is an associative algebra A, 
together with cell datum (A, M, C, *) where 

• (CI) A is a partially ordered set and for each A G A ,M.(A) is a finite set such thatC : 
n;\gAM.(A) X M.(A) ^ A is an injective map with image an R-basis of A. 

• (C2) If A G A and S,T G M(A), write C(S,T) = C^j G A. Then * is an R-linear 
anti-involution of A such that *(Cs j) = C^s- 

• (C3) If A G A and S,T G M(A) then for any element a G A we have 

QC^,t = Ls'eM(A) ra(S',S)C5,^^(modA(< A)) 

Where ra{S', S) G R is independent of T and where A{< A] is the R-submodule of A 
generated by {C Im- < A;S ,T G M(|J.)}.. 

In table 1 we observe the presentation can be related to type An-i Dynkin diagram in the 
following way. Every node pi ( 1 < i < n — 1 ) of the Dynkin diagram corresponds to a pair 
of generators Si,ei. Between Si,ei there are relations = 1, e? = Te^ and Sie^ = eiSi = ei. 
There are two pattern of relations between Si, ei and Sj,ej. When pi is connected to pj by 
an edge, equivalently i = j it 1, there are relations SiSjSt = SjStSj, eiSjCi = ei, ejStej = ej and 
SvSjCi = ejSiSj. When pt isn't connected to pj, there are relations s^sj = SjSi, CiCj = ejCi, 
SiCj = ejSi. These are all relations for Bn(T). 

A simply-laced Dynkin diagram is a Dynkin diagram whose edges are simply-laced. Fi- 
nite type simply-laced Dynkin diagram consists ADE type Dynkin diangrams. For every 
such Dynkin diagram V, above discussion shows how to define algebras similar with Bn(T) 
and BrL(T, I). This is due to Cohen, Gijsbers and Wales. In [10] they define algebra Br(T) 
and algebra Bp(T, I) with generators and relations as in table 2. These are generahzation 
of Brauer algebra and BMW algebra to simply-laced type root systems (or Coxeter groups 
).Let I be the set of nodes of F. When i,j G I are connected by an edge we write i ~ j. 
Otherwise we write ioo j. Set m = ^^jh^- 





BrW 


Br(T,l) 


Generators 


Si(i G I); ei(i G I) 


Xi[i G I) i Et(l G I) 


Relations 


SiSjCi = ejSiSj if i ~ j; 
SiSj = SjSi ,if i'y^ j; 
s? = 1 , for all i; 
SiCi = ei, for all I; 
eiSjCi = ei,if i~ j; 
SiCj = ejSi,if i 90 j; 
e? = TCi, for all t. 


Xi_XjX^ = XjX^Xjj if "i ~ jj 

XiXjEi = EjXiXj ifi~j; 

XiXj =XjXi,if i-^^ j ; 

l(X? + mXi - 1 ) = mEi, for all i; 

XiEi = l^^Ei, for all i; 

EiXjEi = lEi,ifi~j; 

XiEj =EjXi,ifi'S' j; 

E? = TEi . 



These generalized Brauer algebras have no graph to representing their elements any 
more, but they have almost all important algebraic properties of Brauer algebras. 

2.2 Pseudo reflection groups, Complex braid groups and Hecke algebras 

Let V be a complex linear space. An element s in GL(V) is called a pseudo reflection if 
it can be presented as diag(£„l,--- ,1) where is a root of unit. If is —1 then s is 
simply called a reflection. G C GL(V) is called a pseudo reflection group if it is generated 
by pseudo reflections. If G is generated by reflections then it is called a complex reflection 
group. When V is an irreducible representation of G, (V, G) is called an irreducible pseudo 
reflection group. Every pseudo reflection group is isomorphic to direct product of some 
irreducible factors. Isomorphism class of irreducible pseudo reflection groups are classified 
by Shephard-Todd [25]. They consists of a infinite family { G(m,p, n) } ( n < 1 ,m. < 2 ,p|m 
) and 34 exceptional ones. Like reflection groups, one can associate a braid group and a 
Hecke algebra with every pseudo reflection group as follows. 

Let (V, G) be a pseudo refiection group. Let R = {sJigi be the set of pseudo refiections 
contained in G. For a pseudo refiection s, the refiection hyperplane Hj is defined as the 1 
characteristic space of s, which is a codimension 1 subspace of V. Let Mq = V — UsgRHj be 
the complementary space of all refiection hyperplanes in V. A theorem of Steinberg says the 
action of G on Mq is free. The braid group Agassociated with G is defined as 7ti(M.G/G). 
It's subgroup Pg = 7ri(MG) is called the pure braid group associated with G. There is a 
short exact sequence 1 — > Pg — > Ag ^ G — > 1 . 

As in [2] [5], a Hecke algebra HG(A)can be associated with every pseudo refiection group 
G, where A is a set of parameters. The Hecke algebra Hg(A) is a quotient algebra of the 
group algebra CBg. It's dimensional equals |G|. For generic A, Hg(A] is a semisimple 
algebra whose irreducible representations are in one to one correspondence with those of G 
in a natural way. This correspondence can be described by the following Cherednik type 
connection. 

Suppose the set of refiection hyperplanes of G is {Hv}vgp and the set of pseudo refiections 
in G is R. Define a map v : R — > P by requesting the refiection hyperplane of s to be Hv(s). 
There is a natural action of G on P induced by the action of G on the set of refiection 
hyperplanes. Now for every reflection hyperplane Hv, chose a hnear form fv with kernel 
Hv. Define a closed 1 form on Mg as cUv = dlogfv. Suppose {p-slsgR is a set of constants 
satisfying the condition: iXji = \^S2 if ^^ is conjugate to si. 

Proposition 2.1. [5] The formal connection Og = i^Ilvep(IlseR,v(s)=v M-sS)oJv on Mg x 
CG is flat and G- invariant. 

Here for convenience we use a slightly different form of Qg- Suppose (E, p) is a hnear 
representation of G . By above proposition p(Og) = k ^^gp(^5gR^(5)^^)iasP(s)a)v defines 
a fiat connection on the bundle Mg x E. It can induce a fiat connection Op on the quotient 
bundle Mg xg E because of G invariance of p[D.g)- By taking monodromy a family of 
representations of Bg parameterized by k, \1s's are obtained. It is proved in [5] that these 
monodromy representations factor through Hg(A) for suitable choice of A. 



We give a simple setting for G-invariance of connections. Let A be an algebra with unit 
1 , be the set of invertible elements in A, which form a group under the multiphcation. 
Let (p : G — > A^ be a morphism of groups. Let p : A — > End,(E) be a representation of A 
such that p(l) = idn. Then (p o p : G ^ End(E) is a representation of G, we denote it as p. 

The group G acts on the bundle E x Mq as: g ■ (v,p) = (p(g)(v), g -p), for g G G,v G E, 
and p G Mq. The quotient E x Mg/G is a linear bundle on Mq/G. And G acts on A x Mq 
as: g • (x,p) = (cp(g)x(p(g)~\ g -p), for g G G, x G A, and p G Mq. Then the quotient 
A X Mq/G is a bundle of algebras on Mq. 

Now Let O = HigpXitUi be a connection on A x Mg, where Xi G A. Then Op = 
Y.ieP Pi^i^'^i is a connection on the bundle E x Mg- We have 

Proposition 2.2 (G-invariance). The connection D. induce a connection on the quotient 
bundle if and only ^/X^^,(|) = (p(w)Xi(p(w)~\ for any i G P, w G G. 

The connection Op induce a connection on the quotient bundle E x M-g if and only 
if P(Xw(i)) = p(w)p(Xi)p(w)-^ for any ieP, we G. 

When O and Op are fiat connections, the equation of fiat sections for O is: dF = OF, 
Where F : Mg — > A is a section. The equation of fiat sections for Op is dO = OpO, where 
O : Mg — > E is a section. Flat sections of these two bundles are connected as follows. Let 
U C Mg be some region, and F : U ^ A be a local fiat section. Then for any v G E, 
F • V : U ^ E is a local fiat section on E x Mg. 

We consider the monodromy operators when O and Op are fiat. Let n : Mq — > Mq/G 
be the quotient map. Chose a base point po G Mg, and chose pb = 7t(po) as the base point 
of Mq/G. We define some special path classes named generators of monodromy as follows. 
This presentation is borrowed from [5]. 

Let Hv be a reflection hyperplane, q G Hv \ Xu^^u be a generic point. Let Lv = 
im(sv — Idv), which is a complex hne and we have V = Flv © Lv. For p G V, we set 
p =prv(p) +pr^(p) with prv(p) G Hv and pr^(p) G Lv. Thus, we have 

Sv(p) = e pr^(p) +prv(p). 

let y : [0, 1] ^ V be a path in V starting from po and ending at q,such that y(t) G Mg 
for t 7^ 1. For e G (0, 1], we denote the partial path y|[oj_e] : [0, 1 — e] — > V as ye, and the 
point y(l — e) as p^. 

For p G V, we define a path av,p from p to Sv(p) as follows: 

cTv,p : [0, 1] ^ V, t e^^^pr^(p) +prv(p). 

Denote the composed path Sv(ye^) o CTv,pe °ye as (yv,y,e, which is a path in V from po 
to Sv(po)- The image 7T(av,y,e) is a loop in V/G based at pb. It isn't difficult to see when 
e is small enough then the path (Tv,y,e is in Mg, and 7t(av,y,e) is in Mq/G. Moreover if 
e is small enough the homotopy class of 7T(av,Y,e) doesn't depend on e, thus determine an 
element Sv.y S Tti (Mq/G, pb)- We call this kind of elements in tti (Mq/G, pb) as generators 
of monodromy. 

Now suppose we have fiat and G-invariant connection O, We denote the induced fiat 
connection on the quotient bundle as O. By taking monodromy we obtain an operator 
\\> : 7ti (Mg/ G, Po) . Let p : A — > End(E) be a representation of A. We have a fiat and 



G-invariant connection Op on the bundle E x Mg, which induce a flat connection Op on the 
quotient bundle (E x Mg)/G. We have the monodromy representation ~i])p : 7ri(MG,po) — > 
GL(E). Relationship between these two kind of monnodromy representations can is simply: 

p(\p(A)) =i|jp(A),for any A G 7ti(MG,p"o)- 

Let Sv,Y G 7Ti(Mg, pb) be a generator of monodromy. The element i]j(sv,y) ^ ^ ^^'^ 
the morphism i]Jp(sv,y) '^^^ be described as follows. Let e be small enough such that (yv,y,e 
lies in Mq and it's homotopy class is Sv,y. On the bundle of algebras A x M-g, by parallel 
transportation along the path (yv,y,e, we obtain a morphism Ty^e : Ap^ '^sv(po)- Since when 
forming quotient Ap^ is identified with As^jp^^j by the correspondence a 4)(Sv)a, so 

il;(sv,y]=4)(svr^V(l). 
Similarly if Ty,e,p : Ep^, ^s^ivv) parallel transportation of the connection Op, we have 

^p(Sv,y) = p(ct)(Sv))"^Ty,e,p. 

3 Flat connections for BMW algebras 

In this section we define a flat connection for BMW algebra BTt(T, I). Using this connection 
we can deform any representation of the Brauer algebra Brt(T) to be a one parameter family 
of representations of the braid group Bn, which will be shown to factor through B^fT, I). 

We begin with some knowledge for hyperplane arrangements. Let E be a complex linear 
space. An hyperplane arrangement (or arrangement simply)in E simply means a finite set of 
hyperplanes contained in E .Arrangements arise in many fields of mathematics. For example, 
let (V, G) be a pseudo reflection group. Then the set of reflection hyperplanes of G is an 
arrangement. We denote it as Ag- For an arrangement A = {Hi}^gi in E let M.^ = E— UigiH^ 
be the complementary space of all hyperplanes of A. Topology and geometry of M^q^ are the 
main topics of arrangement theory. 

Let A = {HJigi be an arrangement in E. An edge of A is defined to be any nonempty 
intersection of elements of A. If L is an edge of A, define an subarrangement 

yiL={HiGA|LcHi} = {Hi}i6i,. 

For every i G I, chose a hnear form with kernel H^. Define an 1 form on Ma as 
Wi = dlog fi. Consider the formal connection O = k ^igi XiWi. Here Xi are linear operators 
to be determined. When we take Xi's as homeomorphisms of some linear space E, then O 
is realized as a connection on the bundle Myi x E. We have the following theorem. 

Theorem 3.1. [19] The formal connection O is flat if and only if the following condi- 
tions are satisfied. 

For any codimension 2 edge L of A, and for any i G II, [Xi, ^j^j^^ Xj] = . 
Here [A, B] means AB - BA. 

Let E be a n-dimensional Euclidean space with an orthonormal basis {vi, • • • ,Vn}. Sup- 
pose the corresponding coordinate system is (xi,--- ,Xn). For 1 < i < j < n, denote the 



hyperplane ker(xi— Xj) as H^j. Let E"^ = E^rC = C < vi , • • • , Vn >. Denote the correspond- 
ing coordinate system as (zi,--- ,Zn). There is a natural imbedding j : E ^ E"^. Denote 
ker(zi — Zj) as Hg, which is called the complexification of Hy. We define Yn = E\Ui<jHy, 
= \ Ui<jH?j. Define A = {(xi, • • • ,Xn) G E|xi < X2 < • • • < Xn} which is called a 
chamber. It isn't hard to see the walls of A are hyperplanes {Hi 2, H2,3, • • • , Hri-i^n.}- Chose 
p G A. For 1 < i < n — 1 , chose Pi G H^+i lying in the closure of A and not lying in any 
other Hj^)^. We chose path : [0,1] E for any 1 < i < n — 1 satisfying the following 
conditions: 

ri(0) = p, Yi(1 ) = Pi, ri(t) G A for < t < 1 . 

The symmetric group acts on freely by permuting the coordinates. Denote the 
quotient manifold Y^/S^ as X^. Denote the quotient map from Y^ to XjJ as n. We take 
j(p), j(p) = 7T(j(p)) as base point of Y'^ and XjJ respectively. According to the discussion 
in 2.2 , the paths p o can be used to define a element Sy^ G 7ti(X^,j(p)) (generator of 
monodromy). The following result can be found in [6]. 

Proposition 3.1. [6\ The map Ui Sy^ extends to an isomorphism tii (X^, j(p)). 

The following simple will be used later. 

Lemma 3.1. In the Brauer algebra Bn(T), let G C B^(t) he permutation., 
let ey be as in introduction, we have 

( 1) eySk,; = Sk,iei,j if {i, j} n {k, 1} = 0; 

( 2) eg ek,i = ek,iey if {i, j} n {k, 1} = 0; 

(4) ei,jei,ic = Sj,icei,ic = eySj,ic ,for any different t,j,k; 
(^) ^io = ^^h) > for any i / j; (6) sgej^k = ei^kSy . 
Proof. They can be checked directly by using graghs. 

For 1 < i < j < n — 1 , define tuy = d(zi — Zj)/{zi — Zj). Consider the formal connection 
= '<Li<j(si,j - ei,j)<^y- We have 

Proposition 3.2. The formal connection Cl^ is fiat and Sn invariant. 

Proof. We certify On satisfies conditions of theorem 3.1. For the arrangement An, there 
are then following two type of codimension 2 edges 
Case 1. L = Hy n Hk,i, {i, j} n {k, 1} = 0. 

Whence Ai = {Hy,Hk,v}. Now we have Sa,bSc,d = Sc,dSa,b and Ca^be^d = ec,d^a,h if 
{a, b} n {c, d} = 0. They are most easily seen by using graphs, so [sy — ey , Sk,v — ek,i] = 0. 
Which gives 



[sy - ey , Sy - eij + Sk,i - ek,i] = = [sk,i - ek,v, sy - ey + Sk,v - ek,i]. 



Case 2. L = H^j n Hj^i^, where i, j,lc are different. In this case = {Hij, Hj^^, Hi^^}, 

[si,j - ei,j, Si,k - ei,k + Sj,k - ej,k] 
=[si,j, Si,k + Sj^J + (-ei,^Si,ic + ey ej,k) + (si^key - ej^^ey ) 
+(-eySj,k + eyei,k) + (sj,kei,j - ei,key) + [sy,-ei,k - ej,k] 
=(-eySi,k + eyej.k) + (si,kei,j - ej,kei,j) 
+(-eySj,k + eyCi^k) + (sj,key - ei^kCy) + [sy,-ei,k - ej,k\ 
=(-eySi,k + eyej.k) + (si,key - ej,key ) + (-eySj,k + eyei,k) 
+(sj,key - ei,key) = 0. 

The second equaUty is because Sys^^k + sySj,k = Sj,kSy + St^kSi,j. For the third equahty 
use Lemma 3.1, (6). For the fourth equahty use lemma 3.1, (4). G-invariance of On. is 
evident. 

Let (E, p) be a finite dimensional representation of BrL(m). By proposition 3.1, the 
connection 

p[Cln] = K^(p(sy) - p(ey))cuy 

induce a fiat connection on the bundle Xs^ E, which is a hnear bundle on X^. So by 
taking monodromy we obtain representations of the braid group B^. We have 

Theorem 3.2. The monodromy representations o/B^ constructed above factor through 
Bn('r, I), for T = q^-'^-q'^-^+q-'-q ^ ^ ^ qin-i y^^ere q = exp kti^-T. 



q-'-q 

Proof. We first prove this theorem in case of n = 2, 3. The cases for n > 4 can be 
reduced to cases for n = 2, 3 by a result in local theory of meromorphic connections. 

Case 1. (n = 2) The Brauer algebra B2(m) is 3 dimensional, with a basis {1 , s, e}, submit 
to relations = me, se = es = e, = 1. where 1 means the unit. Idempotents of this 
algebra are 

e 1 — s 1 + s e 

m 2 2 m 

In this case the relevant reflection group is the symmetric group (S2,C), the only reflec- 
tion hyperplane is G C. The complementary space is C^. Let po = 1 G be a base 
point. Define 

a: [0,1] ^C^,t^e*"^ 

which is a path from 1 to — 1 = s(l). Let 7t : ^ C^/Sz be the quotient map. Then the 
loop 7T(a) represent a generator of tti (C^/S2,'Po) = Z, which is denoted as s^. 

The fiat connection is O = k(s — e)dz/z. Let F be a section of the bundle of algebras 
X B2(m), which can be presented as F = Foeo + Ei £i + ^le-i- Where Fi's are functions on 
. F is a fiat connection when dF = OF. It can be written as: 

dFo _ k(1 — m)^ dFi _ — dF2 _ 

dz z °' dz z ' dz z ' 

The solution of this equation is F(z) = z'^^^^^^coEo + z^'^c-\t-\ + z'^citi- where Ci are 
constants. Chose 1 G as the base point. If we request the initial condition F(1) = 1, 
then Co = Ci = C2 = 1 . Through parallel transportation along the path a, 1 is corresponded 
to the element To-(l) = e^f^-^^^^Co + e^^^^ei + e^"^e2. 



Let i|j : TTi (C^/S2,Po) — > B2(m)^ be the monodromy morphism. We have 
Since ei's are idempotents, and Hi=o = ^ ^^"^^ ^i^j = for i / j, so we have 

By definition the BMW algebra B2(t, I) is 3 dimensional with a basis {1 , X, E} submitting 
to the relations 

XE = r^E = EX, E^ = tE, l[X^ + JX - 1 ] = JE. 

where J = 

Let q = e^"v^, I = e-(^-i)"v^ and « = q-i -q, t = = ^'"^'f r!+^''~^ Prom 

theorem 4.1, we see t]j factor through l : n-\ (C^/S2,po) — ^ B2(t, I] because if we set 

X = Msa), E= ^_/_^ (ii;(s^)^ + (q-^ -q)t|;(Sa)-1), 

then all relations for BMW algebras are satisfied. 

Case 2. n = 3. We only consider those B3(ra)'s which are semisimple. We prove for 
any finite dimensional representation p : B3(m) ErLd(E), the monodromy representation 
of p[Cl^) : B3 — > Aut(E) factor through l : B3 — > B3(t, I), where t, I are defined as in case 1. 
For this aim we only need to consider the cases when p is an irreducible representation. It 
isn't hard to see that B3(m) has 4 indifferent irreducible representations as follows: 

pi : E = C < V >. SvV = V for any i; eiV = for any i. 

P2: E = C < V >. SiV = —V for any i; e^v = for any i. 

P3: E = C < vi,V2 >. eiVj = for any The actions of s^'s make E becoming the 
canonical representation of S3. 

P4: E = C < vi,2,V2,3,vi,3 >. syvy = Vy. For i > j, we set vg = Vj,! and sy = Sj,i. For 
different i,j,k, sy vj,ic = Vi,ic. e^vy = mvy. For different i,j,k, eyVj^^ = vy. 

In the case of Pi, let : 7Ti(X^J(p)) Aut(E) be the monodromy representation of 
the connection Pi(n3). For k = 1,2, we set Xk = i|'i(sY^) and E^ = ('4'(sgk)^ + ~ 
q)tKsaJ-1). 

In the case of pi, P2, ps, the elements ei's act as 0, so the connection pi(03) in fact 
degenerates to the fiat connection for Hecke algebras. It is readily to check in these cases 
■^(so-fc)^ + (q^^ — qlil^lso-k) — 1 =0. So Ek = in these cases. 

In the case of p4, we notice this is nothing but the infinisimal Krammer representation 
defined by Marin. This case is proved by using theorem 4.1 in [21]. 

4 Generalized Lawrence- Krammer Representations 

Let V be a n-dimensional complex hnear space. Let G C GL(V) be a finite reflection group. 
Let R be the set of reflections in G. For each s G R, denote the reflection hyperplane of 
s, namely the subspace Ker(s — 1) as Hg. Let Mg = VXIJ^g^^ Hg be the complementary space 
of all reflection hyperplanes. 

The generalized LK representations of Bq of Marin are described by certain flat connec- 
tions as follows. First, for every Hj, let (Xg be a nonzero linear form with kernel H^. Let 



cus = das/as, which is a closed, holomorphic 1-form on Mq. Then let Vg = C(vs)seR be a 
complex linear space with a basis indexed by R. For every pair of elements s,u G R, define 
a nonnegative integer a(s,u) = ^^{r G R|rur = s}. Chose a constant m G C. For any s G R, 
define a Unear operator ts G GL(Vg) as follows: 

ts • Vs = mVs, ts • Vu = Vsus - «.(S, u)Vs f OT S 7^ U. 

Chose another constant k G C. Define a connection Ok = XseR^ ' ^sWs on the trivial 
bundle Vq x Mg- 

Theorem and Definition ([22]) The connection Ok is flat and G-invariant. So it 
induce a flat connection Ok on the quotient bundle (Vg x Mg)/G. The generalized LK 
representation for Bg is defined as the monodromy representation of Ok- 

We denote the generalized Krammer representation as (V, pK,m)- When (G,V) is the 
reflection group Wp of ADE type, they were first constructed in [9] by Cohen, Wales and 
by Digne in [13]. They are proved to factor through BMW algebras in [10]. 

Theorem 4.1. [21] The generalized Krammer representation (V, PK,m)/<icior' through 
the generalized BMW algebra Br(T,l) with x = q"'-q^_'^+q — and I = q~^. Where 

q = e^"^. 

For later convenience we change notations shghtly. For s E TZ, we deflne Ps : Vg ^ Vg 

by 

Ps(vs) = (1 - ms)vs, Ps(vu) = a(s,u)vs for u 7^ s. 

We also define i : G ^ Aut(VG) by l(w)(vs) = v^^^-i. Then ps is a projector to the 
complex line Cvs. And Marin's fiat connection Ok is written as Y.sen^ ' ('-(^) — Ps)tUs- 

Now we let V be a n-dimensional complex linear space. Now let G C GL(V) be a finite 
pseudo refiection group(not only refiection group). Let R be the set of pseudo refiections 
in G. For s G R, let Hs be the hyperplane fixed by s. Let A = {HJigp be the arrangement 
of reflection hyperplanes of G. Deflne Vg = C < Vi >iep. Since w(Hv) is annother reflec- 
tion hyperplane for any w G G and v G P, there is an action of G on P which induce a 
representation l : G — > Aut(VG). We also deflne w(i) by H-^^ft] = w(Hv). 

For i G P, let pt : Vg — > Vg be a projector to Cvt which is written as: 

Pi(Vi) = TUiVi, Pi(Vj) = OijVi. 

As in Section 2.2 let {nslseR be a set of constants such that: (Xsi = [i-si if si is conjugate 
to S2 in G. Deflne a function v : R ^ P such that H^js) is the reflection hyperplane of s for 
any s G R. 

Consider a connection Olk on the trivial bundle Vg x Mg which have the form 

Y_ M-si-(s) -pv)cuv. 

veP s:v(s)=v 

The following theorem generahze Marin's construction to psuedo reflection groups and 
with more parameters in some cases. 

Theorem 4.2. The connection Olk flo.t and G invariant if and only if the the 

following conditions are satisfied: 

(1) mi = mj if there i5 w G G such that i{w){vi) = vj. 

(2) CXij = Ilsa(s)(Vj)=vt 



Proof. Suppose Olk is a fiat, G invariant connection. Let w € G, 

yv*{aix) = Y_^ Y- 1^sI-(w)l(s)i(w)~^ + LwPvL;;^)a)w(i)- 

i6l s:i(s)=i 

The connection Q.\x being G invariant means: for any w G G, w*(nLK) = ^^lk- Because 
{tuJigi constitute a basis of HJ3^(M.g,C), so it is equivalent to LwPii^^ = Pw(i)i which is 
equivalent to: mt = rowf^). 

Let L be any codimension 2 edge of the arrangement A. Let Hi, , ■ ■ • , Hi^ be all the 
hyperplanes in A containing L. The condition of O being fiat is written as : 

N 

[ Y_ \^s9[s] -Via^ YJ- Y- ^^sp(s) -Pij] = 0. 

s:i(s)=ia v=1 s:i(s)=iv 

for 1 < a < N. We discuss the case a = 1 first. Since Oq is a fiat connection, it is 
equivalent to: 

N N 
[Pil'X^ Y ^^sL(s]piJ] + [ Y_ ^^sL(s),_^PiJ] =0. 
v=1 s:i(s)=iv s:i(s)=ii v=1 

Now for those s such that i(s) = ii we have {s(ii ), • • • , 5(1^)} = {i-i, • ' ' )i-N}- So we have: 

N N 

[ Y_ \^s^{^),Y^^-^^ = Y HsX^'-^^^T'^v -Piv^(s)) 
s:i(s)=ii v=1 s:i(s)=v v=1 

N (1) 

= Y HsX^PslivjLls) -pi,L(s)) 
s:i(s)=i v=1 

= 0. 

So the identity (2) is equivalent to: 



N N 

[PioX^ Y ^^s'-(s) +Piv)] = H Y Y ^^s'-(s) +Piv)] 

v=1 s:i(s)=iv v=2 s:i(s)=iv s:i(s)=iv (^) 

= 0. 

This is because [pi, ,s] = if i(s) = ii. After splitting the Lie bracket in equation (2), 
the sum of all those terms mapping to Cvi^ is Pi^Pii — ^s s(vi )=v^ ^s>-(s)pi, . It must be 0. 
Chose So such that So(Vi, ) = v^^, then e have Pi^Pii = ctvu.ii '-(so)Pi, ■ More over, for any s 
such that s(vij = Vi^ we have i(s)pi, = L(so)pii. Put these identities in equation (2), we 
get 

(Oiu.ii - Y ^^s)•-(so)pil = 0. 
So we have ai^^,i, = IIs:s(vt, ]=v^^ \^s- 

Now suppose conditions is satisfied, by the same arguments we only need to prove above 
equation (4) to show CI is fiat. The conditions (2) imphes 

PiPj = Y M-si-(s)Pj,for any iT^j. (3) 

s:s(j)=i 



It also implies 

ViVi= Y- M-sPii-(s),for any j. (4) 

s:s(j)=i 

since L(s)pj = L(s)pjL(s]^U(s] = pii.(s] for those s such that s(j) = i. Now the right hand 
side of equation (4) can be written as 

N N 
v=2 s:s(iv)=ii v=2 s:s(vv)=ii 

So the equation (2) is true by using identities (3), (4). The G invariance of the connection 
isn't hard to see. 

□ 

Remark In the connection Olk if make |Xs = k for ^ill s and raj. = m for all i then 
we obtain Marin's connection. Above theorem give another proof that the connection is 
fiat. It explains why the numbers cttj will appear in Marin's construction, also show the 
LK representation is unique in some sense. We can define and describe the generahzed LK 
representation as follows. 

Definition 4.1 (Generalized LK representation for all complex braid groups). Following 
notations introduced above. Since Olk G -invariant, it induces a flat connection 
Olk on the quotient bundle Vg Mg- the generalized Krammer representation of the 
braid group Ag is defined as the monodromy representation of Cl\x- 

5 Generalization of Brauer Algebras 
5.1 Definition and Main Properties 

Let (V, G) be any finite pseudo reflection group. Denote the set of pseudo reflections in G 

as R, and let A = {Hijigp be the set of reflection hyperplanes. For i, j G P, Let R(t, j) = {s G 
R I s(Hj) = Hi }. Fori G P, as in 2.2 let be the subgroup of G consisting of elements that 
flxing all points in Hi, let rrii = |Gi|, and let be the unique element in Gi with exceptional 

eigenvalue e "^i .we write si ~ S2 for si , S2 G R if they are in the same conjugacy class, 
and write i ~ j for 1, j G P if w(l) = j for some w G G. Chose (Xj G C for every s G R and 
roi G C for every i G P such that 

^s, = M-si if si ~ S2, roi = rrvj if i ~ j. 

The data {(J-sj TTii}se7?.,ieP ''^ill be denoted by one symbol T. We define an algebra Bg(T) 
as follows. 

Definition 5.1. The algebra Bg(T) associated with pseudo reflection group (V, G) is 
generated by {w}weG U {ei}igp, submitting to the following relations. 

(0) Wi W2 = W3 if Wi W2 = W3; 

(1) SiCi = CiSi = ti, for i G P; Si G G is any pseudo reflection with reflection hyper- 
plane Hi. 



(2) e? = TUiCi ; 

(3) wcj = CiW , i/ w G G satisfies w(Hj) = Hi; 

(4) eiej = e^ei, { k G P| D Ht n Hj} = {i, j} ; 

etej = (Zs6R(io) l^ss)ej , i/{k G PIH^ D Hi n Hj} ^ and R(i, j) ^ 0. 

('e; eiCj = 0, if{k G I|Hic D Hi n Hj} ^ {i, j} and R(i, j) = 0. 

Remark 5.1. Relation (0) is nothing but letting CG be imbedded in Bg(T). Relation 
(3) along with relation (5) implies e^ej = ei(IIseR(io] l^s^)- 

V7/ien (G, V) is a complex reflection group, there is a bijection from R to A: s i— > Hj. 
So we can use R as the indices set of reflection hyperplanes, and A = {Hs}sgR. In these 
cases, for si, si G R, R(si , sz) = {s G R|s(Hs2) = HsJ = {s G R|ss2S = si}. 

When G is a infinite Coxeter group, by using geometric representation of G above 
definition still make sense. Bg(T) for those cases can also be defined by a canonical 
presentation as shown in section 5.3. 

First we have 

Theorem 5.1. Bg(T) is a finite dimensional algebra. And w i— > w for w G G induce 
an injection ] : CG Bg(T). 

Proof. First by using relation (3), we can identify any word made from the set {w G 

GlUleJieP to a word of the form wet^ • • • where w e G. We call e^, e^^ • • • et,^ as the 
'e-tair of the word we^, •••ei^- Then if two neighboring e^^ and e^^^, don't commute 
with each other, then conditions in (5) are satisfied as can be seen in the next lemma. 

Lemma 5.1. If two pseudo reflection si and si don't commute with each other, suppose 
the reflection hyperplane of si (si) is H|, [Hi^], then {ii,i2} £ {k G PIH]^ 2 H^, n H^^}. 

Proof. We suppose [m^xi] = {k G P|Hk D Hi, n Hi^}. Let L = Hi, n Hi^, and < , > being 
a G-invariant inner product on V. Chose Vk G H^^ such that Vk _L L according to < , > 
for k = 1,2. Suppose {V3, • • • ,Vn} is a basis of L, then {vi,V2, • • • ,vn} is a basis of V. Now 
since si(Hi2) is another reflection hyperplane containing L and sitHi^) / H|, , so we have 
silHi^) = Hi2, which implies si can be presented as a diagonal matrix according to the 
basis {vi,--- ,vn}. Similarly si can be presented by a diagonal matrix according to the 
same basis. So si si = sisi which is a contradiction. □ 

The first statement follows from the next lemma. 
Lemma 5.2. The algebra Bg(T) is spanned by the set 

{w G GUjJlwei, • • • ei^lw G G, Ci^Ci^ = Ci^ei^; iv / iu if u / v ; M > 1} 

Proof. Let A be the space in Bg(T) spanned by elements listed in the lemma. By ap- 
plying (2) in definition 5.1, we see the algebra is spanned by elements having the form 
X = wei, ■ ■ ■ ^iy^ where w G Gra. For convenience we call e^, • • • et^ as the e-tail of the word 
X, and K as the length of it's e-tail. We prove that every such element belongs to A by 
induction on the length of their e-tails K. First this is true if K = 1 . Suppose it is true for 



K < M. Now suppose x = wet^ ' " such that K = M + 1 . If there are two neighboring 
£ivi ^tv+i don't commute, then lemma 5.1 enable us to apply (5) or (6) in definition 5.1 to 
identify x with a linear sum of words whose e-tail length are smaller than M + 1 . Suppose 
all et^'s in x commute with each other, if there are vi,V2 such that iv, = ivj, we use trans- 
positions between ev^'s to identify x with a word y = wcj^ • • • ej^^^ such that ji = jz- So 
X = y = rri^,wej2 • • • ■ ^w's commute and all iv's are different then x G A, and 

induction is completed. 

For the second statement, it isn't hard to see the following map 

s s, for s G R; Ci I— > 0, for t G P 

extends to a surjection tt : Bg(T) CG, and no j = id. So j is injective. □ 

This completes the proof of Theorem 5.1. □ 

By Theorem 5.1, CG is naturally embedded in Bg(T). From now on we will denote w 
in Bg(T) simply as w. 

The next lemma reduce one parameter in Bg(T). 

Lemma 5.3. For A € C^, Let ]x'^ = A|j,s for s G R, and Let m[ = Aroi for i G P. Let 
r = {^'3,m(}seR,ieP, then BctT') = Bg(T). 

Proof. Denote the generators of Bg(T') appeared in Definition 5.1 as S^'s and Ei's . Then 

Sa I— > Soc, Ei I— > Cj. for a G O, and i G P 
extend to an isomorphism from Bg(T') to Bg(T). 

□ 

The following lemma can be found in [22]. 

Lemma 5.4. Far two different hyperplane H^, Hj & A, // s G R satisfies s{Hj) = Hi, 
then s fix all points in Hi n Hj . 

Proof. Let < , > be a G invariant, positive definite Hermitian form on V. Let e be the 
exceptional eigenvalue of s, and let <x be an eigenvalue of s with eigenvalue e. Let at, cXj be 
some nonzero vector perpendicular to Hi, Hj respectively. Then a _L Hj. The action of s can 
be written as s(v) = v— (1 — e)^^^a. Now s[H^) = Hi implies s(ai) = a,- — (1 — e)^^^a = 
Aai for some A 7^ 0. Denote (1 — e)^^ as k. The condition that Hi is different from Hj 
imphes k 7^ 0. So we have a = -^(aj — Aai) J- Hi n Hj, and s fix all points in Hi n Hj. 

□ 

There is a natural anti-involution on Bg(T) which may be used to construct a cellular 
structure. 

Lemma 5.5. The correspondence 

w for w G G c Bg(T), ei i-> Ci for all i G P 

extends to an anti-involution * of Bg(T) if \is = Hj-' /o'^ ^i^V s G R. 



Proof. We only need to certify * keep all relations in definition 5.1. As an example for 
relation (5), on the one hand *(eiej) = ejei, on the other hand *[(IIseR(y) M-ss]ej] = 
(LseR(i,i) ^ss-^ ) = (LseR(i,j) ^ss-^ )ei = (LseR(j,i) l^s-' s)ei = (LseR(j,i) ^ss)ei. □ 

Next we construct some connections for Bg(T). Suppose p : Bg(T) End(E) is a finite 
dimensional representation. On the vector bundle E x Mg, we define a connection 

^p = '<X^X ^sp(s) -p(ei))cui 

ieP s:i(s)=i 

where k G C. Let G acts on E x Mg as w • (v,x) = (p(w)v,wx) for w G G and 
(v, x) G E X Mg . Then we have 

Proposition 5.1. The connection Op is flat and G-invariant. 

Proof. It is enough to deal with the case k = 1 . The connection Op is G-invariant if and 
only if for any w G G, 

Y. I^sp(w]p(s)p(w)"^ -p(w)p(ei)p(w)"^)cu^(i) = Y_ ^sp(s) -p(ei))a)i. (5) 

ieP s:i(s)=i ieP s:i(s)=i 

By definition 5.1 (3), we have p(w)p(ei)p(w)^^ = p(weiW^^] = p(ew(i)). And{wsw^V(s) 
i} = {s|i(s) = w(i)}, so identity (7) follows. 

Let L be any codimension 2 edge for the arrangement A, and let H^^ , • • • , Ht^^ be all the 
hyperplanes in A containing L. By theorem 3.1, to prove Op is fiat we need to show for any 
u 

N 

[ Y_ ^isp(s)-p(ei,),^( Y_ ^sp(s)-p(eij)] =0. (6) 

s:i(s)=iu ■^=1 s:i(s)=iv 

Now remember the connection KXigp(Xs:i(s)=i M-sP(s)a)i) is fiat by proposition 2.1, so 
(8) is equivalent to 

N N 

-[ Y_ ^sP(s),Xp(^iv)]-[pK)>Z( L ^isp(s)-p(eiJ)] =0 (7) 

s:i(s)=iu v=1 v=l s:i(s)=iv 

Because for any s such that i(s) = iu, there is {s{Hi, ), • • • , s{Hi^)} = {Hi, , • • • , Hi^}, so 



p(s) Y_ P(eiv) - P(^iv)p(s) = (P(s) Y_ P(eiv)p(s) ^ - Y_ P(eiv))p(s 

v=1 v=1 
N N 

(^P(es(i,))-X^iv) =0 



V=l V=1 V=1 V=1 

N N 



v=l v=1 

So (9) is equivalent to 

N 

[p(eij,^( Y. ^sP(s)-p(eiJ)] = 0. (9) 

v=l s:i(s)=iv 

We define Ii = {1 < v < N|s(iv) = iu,for some s G TZ}, and I2 = {1 < v < N|s{iv) ^ 
iu, for any s G 7^}. There is {1 , 2, • • • , N} = Ii ]J I2. 



veil s:s(iv)=iu 

+ _J^(ei,ei^- Y_ M-sP(s)ei^) 

veil s:s(iu)=iv (-^^^ 

vel2 

= 0. 

Where we used relation (5), (6), (8) in definition 5.1. 

□ 

Remark 5.2. Using notations in section 4, 'it i-s direct to check the map w i— > l{w), 
Ci I— > Pi define a representation Bg(T) — » gl(VG). So /rom Bg(T) we can obtain the 
generalized Lawrence- Krammer representation. 

5.2 Low rank cases 

In this subsection we study the algebra Bq (T) when G is a dihedral group, namely a reflec- 
tion group of type l2(Ta)(m > 2). These cases are relatively simple but fundamental. We 
prove Bg[T) has a cellular structure and be semisimple for generic parameters. 
Denote the dihedral group of type bCm) as Gm- 

The arrangement of its reflection hyperplanes can be explained with the following graph. 




m=6 



There are m hnes(hyperplanes) passing the origin. The angle between every two neigh- 
boring hne is rt/m. Suppose the x-axis is one of the reflection hnes and denote it as Hq, 
we denote these lines by Hq, Hi, • • • , Hm^_i in anti-clockwise order as shown in above graph. 
Denote the reflection by Hi as s^. The set of reflections in Gm is R = {si}o<i<m-i ■ It is well 
known that Gm. is generated by so,si with the following presentation 

< So ,si, Ksosi)"^ = l,s^ = sf = 1 > . 

Under this presentation, Si can be determined inductively in the following way. si = si, 
S2 = siSqsi and st = Si_i S|_2Si-i . By [si,Sj • • - Jic we denote the unique word starting with 
SiSj, in which Si and sj appear alternatively, and whose length is k. The word [• • • soSiJk is 
defined similarly. Then Si = [si Sq • • • liv-i , and s^, = [si Sq • • • lim-i = Sq- 



N 

v=1 s:i(s)=iv 



For k e Z, let [k] be the unique number in {0, 1 , • • • , m — 1 } such that k = [k]mod(mZ) . 
It turns out the structure of Bg^(T) when m is odd is rather different from when m is even. 

BGm("'^) with m being odd. For 0<j<l<m— l,a number k(i,j) is defined as 
follows. When i— j is even, let k(i., j) = (i+j)/2; when i— j is odd, let k(i., j) = [(m+i+j)/2]. 
Then we have R(i, j) = {k(i, j)} for any < j < i. < m — 1 . 

For Si G R, we denote |J.S|,Ts^ by |ia,Ti simply. Since all reflections he in the same 
conjugacy class, so all m's equal some [l and all t^'s equal some t. For later use we translate 
Definition 5.1 in these cases as follows. 

Definition 5.2. The algebra Bg^(T) is generated by so,si; eo,ei,--- ,e^n-^ 
with relations: 

(1) sl = s] = \. 

(2) (soSir = 1. 

(3) SiCi = eiSi = Bi, for < i < m — 1 . Where Si = [si Sq • • ■ lii-i • 

(4) wei = ejw, for a wordw composed by sq, si such that wsi = sjw is an consequence 
of relations (1) and [2). 

(5) e? = TCi, for < i < ra — 1 . 

( 6) eiCj = s,,(y)ej = ets^fy) for anyxi-]. 

As lemma 5.2 shows, the algebra Bg„JT) is spanned by the set Tra = GraUlwetlw G 
Gm, < i < m — 1}. Because of above relation (3), |{wei|w G Gm.}| doesn't exceed the 
number of left cosets of {1 , Si} in Gm^ which equal ra. So 

dimBG,^(T) < |T^| < 2m + m^. 

We want to show dim^Gm^^) ^ 2Ta + Ta-^. Let 7t : Bg^(T) CG^ be the natural 
projection. Let (Vi, pi) (1 < i < K) be all irreducible representations of G^,. Through 7t, 
every (Vi, Pi) induce a irreducible representation of Bg„^(T) which is denoted by (Vi, Pi). 
Then obviously Pi isn't equivalent to Pj if i 7^ j. Beside of these induced representations, 
BG,n("l^) has one more representation coming from Marin's generahzed LK representations. 
Let Vg„^ be an vector space with basis {vo, • • • ,VTa-i}. Define a representation (Vg^, p) of 
Gra by setting p(w)(vi) = Vyy(i), where w(i) is determined by wsiW^^ = Sw(i). For every i, 
define a projection pi G End(VG^) as 

Pi(Vi) = TVi; pi(vj) = OijVi for j 7^ i, 

where (Xij = #{k|sicSjSic = Si}. In present cases oi^ = 1 for any i / j. 

Lemma 5.6. The map w h-> p(w), for w G G|Ti, Ei I — > Pi extends to a representation 
PKr:BG^(T)^End(VG,^). 



Proof. This can be proved by directly checking relations. 



□ 



It isn't hard to see that every is a generator of the representation (Vq,,^, Pkt)- Now 
for / V = ^ QiVi e Vg^, Pi(v) = (Hj^i o-j + T^ai)vi. We see if t 7^ 1 , there exists some i 
such that pi(v) / 0. So we have proved 

Lemma 5.7. The representation picr is irreducible if x 

When T 7^ 1, the algebra Bg^(T) have another irreducible representation pxr whose 
dimension is m. PKr isn't isomorphic to any Pi because PKr(ej) 7^ but Pi(ej) = 0. By 
Wedderburn-Artin theorem, 

K 

dimBG^(T) > ^ dimp^ + dimp^^ = 2m + m^. 

i=i 

We have proved the following theorem. 

Theorem 5.2. Suppose t 7^ 1. The set Tm is a basis of Bg^(T). In particular 
diraBG^(T) =2m + m^. Bg^(T) is a semisimple algebra. 

It is known there is a cellular structure (A, M, C, *) on CGm- The cellular structure 
(A, M, C, *) of Bg^(T) is as follows. 

• A = A L[{Akt}- We keep the original partial order in A, and for any A G A, let Akt -< A. 

• For AG A, M(A) = M(A). M(AKr) = {0, 1, • • • ,Tn-1}. 

• For A G A, and S,T G M(A) C^j = C^-p. For l,j G M(AKr) = {0,1,--- ,m- 1}, 
Cy = wcj, such that w(j) = I. It is well-defined because w and wsj are the only elements 
in Gra satisfying w'(j) = I. But wsjej = we,. 

• Define * be the involution as defined in Lemma 5.5 
It isn't hard to prove 

Theorem 5.3. Above (A, M., C, *) is a cellular structure for Bg^(T). 

BGm^"^) with m being even. The following facts are true. For < j < i < ra — 1, 

• if i — j is even, let k(i,j) = (i + j)/2, k(i,j)' = [(i + j -l-ra)/2], then {kjskSjSk = sj = 

{k(i,j),k(i,jr}. 

• if i — j is odd, then {kls^sjSk = sj = 0. 

The set R of reflections in Gra consists of two conjugacy classes. R = Rq ]J Ri , where 
1^0 = {so)S2,--- ,STa-2} and Ri = {si,S3,--- ,Sttt.-i}. In the datum T, for convenience we 
denote ^.s^ as and as ti. We have: = |^ , = tq if i is even; = m , = ti if i is 
odd. So the datum T consists of 4 parameters \xq, [xi,to,Ti. An explicit form of Definition 
5.1 in these cases is as follows. 

Definition 5.3. The algebra Bgj^(T) is generated by sq, si; eo,ei,--- ,6^.-1 
with the following relations. 

(1) sl = s^ = ^. 

(2) (soSir = 1. 

(3) SiCi = eiSi for all i. Where st = [siSq • • -Jii-i ■ 

(4) weiW~^ = Cj ifwSiW~^ = Sj, for w G G. 



(5) e? = Toei if i is even, and e? = Ti ei if i is odd. 

(6) CiCj =0 ifi — ] is odd. 

(7) CiCj = (^k(i,j)S,,(g) + ^k(g)'Sk(y)')ei if i-j is even. 

Still by lemma 5.2, the algebra Bg,^(T) is spanned by the subset Tm = GmO^'^^il'^ ^ 
Gm) < i < m — 1}. Relation (3) above impUes that for every i, |{wei|w G Gm}! < 
|Gm/{l>Si}| = m. So we have 

dimBG^(T) < 11,^1 < 2m + m • m = 41 + 41^. 

We use Wedderburn-Artin theorem again to show that for generic T, dimBG^(T) > 41+41^. 

Let 7t : Bg^(T) CGra be the natural projection sending all ei's to 0. Through n, every 
irreducible representation of Gm induce an irreducible representation of Bg„JT). Besides of 
these induced representations we have four more different representations described as fol- 
lows. Two of them are the infinitesimal version of the generalized Krammer representation. 
Let's write down the fiat connection for the generahzed Krammer representation in present 
case. The relevant space is Vg^ = C < Vq, ■ ■ ■ ,Vm_i >. The action p of G^ on Vg^ is 

p(w)(vi) = Vj, if wSiW^^ = Sj for W G Gra • 

For every < i < m — 1, we define a projector pi G End(VG^) as follows. For n G Z 
define e(n) = if n is even, e(n) = 1 if n is odd. 
Vii'^i) = '^oVi if 1- is even; Pi(vO = Tiv^ if i is odd. 
Pi(vj) = (^e([i±i]) + M-e([i+i+y))vi if i - j is even. 
Pi(vj) = if i — j is odd. 
It isn't hard to prove the following lemma. 

Lemma 5.8. ( IjThe map w i— > p(w) for w G Gm/ i— > Pi for < i < m — 1 extends to 
a representation Kr : Bg^{T) — > End(VG^). 

(2) Let Vg^ = C(v2i)o<i<i-i, and V^^ = C(v2i+i)o<i<i-i . Then Vg^ = Vg^ V^^ ts a 
decomposition as Bg^(T) representations. We denote the subrepresentation on Vq^ 
as Kr^, and the subrepresentation on Vl^ as Kr^ . 

Define two matrix M.*^ = (mg)ixi and M.^ = (my)ixi whose entries are determined by 
P2(i-i ) (V2(j-i ) ) = m? j (V2(i_i ) ) and p2i-i (v2j_i ) = V2i-i . 

Lemma 5.9. // DetM° (DetM^ 7^ 0), then Kr° (Kr^) are different irreducible 
representations of Bc^aC"^)- Both of them are different from those representations 
induced from n. 

Proof. For Kr", first every vector V2i is a generator of the representation since Gm, acts on 
the {v2i}o<i<v-i transitively. Then for any nonzero vector v = Io<i<i-i ctiV2i in Vq^ , because 
DetM.'^ 7^ so there is some < i. < I— 1 such that P2i(v) = Av2i 7^ 0. So all nonzero vectors 
are generators and Kr^ is irreducible. The case of Kr^ can be proved similarly. Because in 
Kr" those elements P2t-i 's act as zero but in Kr^ they don't, so Ktq isn't isomorphic to Kr^ 
In those representations induced from n, all the elements pt's act as zero. So both Kr" and 
Kr^ are different from them. 

□ 



There are two more representations K° and as follows. They arise from the left ideal 
generated by (sieo — eo) and the left ideal generated by (si+iei — ei) respectively. 

We equip an invariant EucUdean metric with V = on which Gra acts. Then for every 
< i < 21 — 1 , we chose a unit vector Vi perpendicular to Hi, let O = {±Vi}o<i<2i-i ■ The 
set O is something hke a root system. 

Let Wg^ be a complex hnear space with a basis {Wi}o<i<2v-i ■ For < I < 21 — 1 , define 
Si G End(WG^) as follows. 

Si(wj) = eJ^^Wk, if Si(v[j+i]) = e>,,V[k+i]. 

Lemma 5.10. The correspondence Si Si for < i. < 21—1 extends to a representation 
of Gm- 

Proof. The identity Si(v[j_|_i]) = ej^v^k+i] implies e-^ = ej^j, so si.^ = id. And since 
for every pair of < i,j < m — 1, and every < k < m — 1, (SiSj)"^-) (vi^) = v^, so 
(siSj)"^t>i (Wk) = Wk. It follows (siSj)"^^') = id. So the representation is well defined. 

For every < I < 21 — 1 , we define pt G End(WG^) as follows. 

Pi(wj) =0if2ti-j. 

P2i(v2j] = (^i+je^t^i + ^[i+j+iieltir^Vii- 

P2t-UV2j-lJ = lM-i+j-ie2j-l,2i-l + Ri+j+l-l]£2j-l,2i-l 

Define two matrix A° = (a?j)ixi, = (a- j)ixi whose entries are determined by 

P2(i-i)(w2{j-i)) = a?jW2(i_i), P2i-i(w2j_i) = a?^jW2i_i for 1 < l,j < I. We have 

Theorem 5.4. (1) The correspondence s Pi for < i < 21 — 1 extends to a 

representation of Bq^{T) onWQ^. 

(2) Let = C(w2i)o<i<i-i , and W^^ = C(w2i+i)o<i<i-i . Then Wg^ = W^^ W}^^ 
is a decomposition o/Bg^(T) representations. We denote the representation on Wg 
[WljasYP{Y}). 

(3) //det(A'^) 7^ and det(A^) ^ 0, then YP and Y} are different irreducible represen- 
tations of Bg^(T). They are different from Kr° and Yr^ ,and he different from those 
representations induced by n also. 

Proof. It is straightforward to see (2). For (1) we certify relations in Bg^(T). 

Now by Wedderburn-Artin theorem, when the data in T satisfies the conditions in 
lemma5.7 and theorem 5.4 (3), we have 

dimBG„(T) > #{G,n} + (dimKr^)^ + (dimKr^ f + (dimK^)^ + (dimK^ )^ = 41 + 41^. 

We have proved the following theorem. 

Theorem 5.5. When the data in T satisfies the conditions in Lemma 5.7 and Theorem 
5.4 (3), then 'Bq^^[T] is a semisimple algebra having dimension 41 + 41^. The subset 
G21 Oi'^^il''^ £ Gm, Q <x<l\—'\] is a basis. 

Cellular structure for Bg^(T). Still let (A, M, C, *) be the known cellular structure 
on CG21. We prove that BG2JT') has a cellular structure (A, M, C, *) as follows. 

• A = AU{Ak^o,Ak^i ,Ako,Aki}. We keep the partial order in A, and let Kr*- -< A, Kr^ for 
any A G A and any i. Let Kr^ for any i, j. 



• For A e A, M(A) = M(A). 

. M(Ak,o) = M(Ako)={0,2,--- ,21-2}.M(Ak,0 = M(Aki) ={1,3,--- ,21-1}. 

• Denote the involution defined in Lemma 5.5 extending st i— > Si, e,. t— > Ci for < i < 
21—1 as *. 

• Denote the including map CGxi -> Bg2i(T) as j. For A G A, S,T G M(A), let C^-p = 
KC^,t)- 

• Let [• • -SoSili be the word having length i, and in which Sq, Si appear alternatively. 
Similarly define words [• • • sisoli. Let €2^0 = [• • • sosi]t(sieo — eo) for < i < I — 1 . Let 
cS,2i = *(cL^o ) for < i < I - 1 . Let C^g, = [• • • soSi]j (cj-^^i ) for < i, j < I - 1 . 

• Let C^]!^, i = [• • • siso]i(sv+iei - ei ) for < i < I - 1 . Let C^^2i+i = *^^2i+^,^^ fo^ 

i. Let C2[+i 2i+i = [•••siSo]j(C^^2i+i) fo^ 

• The group Gra acts on {e2i}o<t<i-i by conjugacion as w • (eii) = weatw^^ This 
action is transitive. Since |Gral = 41, we know for every pair of there are two classes 
in Gra/{l,S2j} sending exj to eii- Chose wi,W2 from each of these two classes, Let €.21^2} — 
jiwi +W2)e2j. This definition is independent of the choice of Wi,W2 since sxjezj = eiy 
Similarly consider the conjugating action of G^, on {ei, ■ ■ ■ ,621-1}. There are two classes in 
Gm/{1) S2j-i} sending e2j_i to e2i_i. Chose Wi,W2 from each of these two classes and let 

^2^-1,2,-1 =i(wi +W2)e2j-l. 

The following result can be proved by direct computations. 

Proposition 5.2. Above data (A, M, C, *) define a cellular structure on Bg^ilT). 

Remark 5.3. From results as above it isn't hard to see that the quotient algebra 
Bg2i(T) = '?>Q^^[T)/ < (sveo — eo), (sv+i ei — ei) > also satisfy our requests: generi- 
cally semisimplity, cellularity, existence of a flat connection, implying generalized LK 
representation, but it has simpler structure than ^q^^[T]. So it can he a candidate 
for the version "generalized Brauer algebra " too. Such quotient algebra as ^q^^[T) 
only exist when the Dynkin diagram contains an even edge, or there is some entry of 
Coxeter matrix mtj G 2Z. For a general pseudo reflection group G we can define a 
quotient algebra Bg(T) by adding a relation to Definition 5.1 as: 
(7). set = s'ci if s(Hi) = s'(Hi) ^ Hi for s, s' G R and I G P. 

5.3 Canonical Presentations for Real and G(m,l,n) Cases 

We define algebras Bq(T) when G is a real or a cyclotomic reflection group of type G(m, 1 , n). 
These algebras have canonical presentations. Then we prove B£(T) is isomorphic to Bg(T). 
First we do it in cases of dihedral groups. 

Definition 5.4. The algebra Bq(T] have the following presentation when G is the 
dihedral group of type I2 (n) where n = 2k + 1 is an odd number. 

• Generators: So,Si,Eo,Ei. 

• Relations: (1 ) [SqSi • • • ]n = [SiSq • • • ]n ; (2) = Sf = 1 ; 

(3) SqEq = Eo = EqSo, SiEi = Ei = EiSi ; 

(4) E^ = TEi /or i = 0,1; 

(5) Eo[Si So • • • ]2i-i Eo = H^Eo for 1 <i< k; 

(6) El [SoSi • • • ]2i-i El = ^El /or 1 < i < k; 

(7) [SoSi • • • ]2kEo = El [SoSi • • • ]2k ; 



When G is a dihedral group of type l2(2k], the element sos^ = [sqSi • • - lik generate the 
center. We denote it as c. Denote the set of reflections in G as R. 

Definition 5.5. The algebra Bq(T) have the following presentation when G is the 
dihedral group of type l2(n-) when n = 2k is even. We simply denote (Xsii t^si o.s m, Ti 
respectively. 

• Generators: So,Si,Eo,Ei. 

• Relations: [^] [SqSi • • -Jn = [SiSo • • -In; (2] Sq = = 1. 

(3) SqEq = EqSo = Eq, Si El = EiSi = Ei. 

(4) EiwEo = EqwEi = for any word w composed by So, Si. 

(5) Eo[SiSo • • • ]2i-iEo = (Ma + M[i+ic]c)Eo for^<x<'k. 

(6) El [Si So • • -lii-iEi = (^tv + M[i+k]C)Ei for ^ <i<k . 

(7) [Si So • • -lik-iEo = Eo[SiSo • • - hk-M 

(8) [SflSi • • • ]2k-i El = El [SqSi • • • ]2k-i ■ 

(9) Eg = ToEo, Ef = TiEi. 

Theorem 5.6. If G is a dihedral group, then Bg(T) is isomorphic to Bq(T) defined 
above. 

Proof. We consider the cases when G is of type l2(2k). The cases for G of type l2(2k + 1 ) 
are similar and easier. 

Here we denote the algebra Bg(T) as B, and denote the algebra defined in theorem as 
B'. Let j be the morphism from CG to B' by mapping Si G G to Sv G B' for 1 < i < n. 
Let 7t be the morphism from B' to CG by mapping S^ G B' to Si G G, E^ to 0. It is easy 
to check these two morphisms are well defined. There is tto j = idcci which imphes j is 
injective. For saving notations we denote j(w) as w for w G G. By Theorem 5.1, there is 
also a natural injection I from CG to B. We will also denote l(w] as w for w G G, and we 
will identify Si with Si when we need. 

For 2<2i< 2k— 2, choose any w G G such that S2i = wsqw"^ and let E2i = wEoW~^ . E2i 
is well defined with no dependence on choice of w. For example, choose w = [SiSo • • •]2i-i 
so E2i = [Si So • • •]2i-iEo[SiSo • • •]2i-i- Similarly for 3 < 2i — 1 < 2k — 1, define E2i-i = 
[Si So ■ ■ •]2i-2Ei [SiSo • • • ]2i-2 = [SiSo • • • ]2i-iEi [SiSo • • • ]2i-i • Define a map ([) from the set of 
generators of B to B' as : 4)(so) = So; <\)[s-\) = Si; 4)(ei) = E^ for < i < 2k — 1 . Then cf) 
extends to a morphism from B to B'. To prove it we only need to certify that ^ keep all 
the relations in Definition 5.1. The cases of relation (1), (2) is straightforward. So cj) can 
extend to a map from CG U {eo, • • • , e2k-i}- We prove the case of relation (7), others are 
similar. First consider the relation for ezi^o- We have 

4>(e2i)4>(eo) = E2iEo = [siSo • • •]2i-iEo[siSo • • •]2i-iEo = SiEoSiEo = Si(na + M.[i+k]c)Eo 

= (mSi + M[i+k]S[i+i^])Eo = clj((Mk(2i,0)Sk(2i,0) + ^^k(2i,0)'^k(2^,0)'^^0^• 

Since relation (7) is invariant under conjugation of w G G, And for any x G {so, Si, eo, • • • , e2k-i} 
any w G G, we have ^[wvyv~^ ) = wc|)(v)w~^ , so the other relations for 621 e2j reduce to the 
cases of 62160. 

The relations for 621+1 e2j+i are similar. 

Then we define a morphism ij) : B' ^ B by extending the correspondence So ^ so. 
Si I— > si , Eo 60, El I— > 61 . It is easy to check ^\> is well-defined and be the inverse of (j). 

□ 



Suppose Gm is a finite Coxeter group with Coxeter matrix M = (ray)nxn- As in [17], 
the condition for M to be a coxeter matrix is: mi^i = 1 ; my = mj^t > 2 for i / j. The group 
Gm has the following presentation: 

• Generators: si , si, • • • , Snj 

• Relations: [stSj • • • ^ = [sjst • • • 1,^1,5 for i 7^ j; s? = 1 for any i. 

Gm can be reahzed as a group generated by reflections in some n dimensional hnear 
space naturally, through the geometric representation. In the following we identify Gjvi with 
it's image through the geometric representation, and we denote Gm as G. 

For w G G, any expression w = s^, Si^ • • • si^ with minimal length is called a reduced 
form of w, and define the length of w as l(w) = r. 

For the purpose of proving a key lemma we need to introduce the Artin group Am with 
coxeter matrix M. It has the following presentation. 

• Generators: o^i , CT2r ' ' > o'ni 

• Relations : [ataj • • • j = [ajat • • • for i 7^ j. 

Here we denote Am as A. Let A"*" be the monoid generated with the same set of 
generators and relations. Let J : A"*" ^ A be the natural morphism of of monoids. We have 

Theorem 5.7. J is an injective map. 

The following theorem is well known. 

Theorem 5.8. For any w G G, suppose l(w) = r and let s^^ • • • Si^ and sj, • • • Sj^ be two 
reduced forms of w, then in A"*" we have at^ • • • = " ' ^U- 

So there is a well defined injective map t : G ^ A"*" as follows. For w G G, let Si, • ■ • 
be a reduced form of w and let t(w) = (Ji^ ■ ■ ■ (Ji^. Denote the natural map from A"*" to G 
extending oi 1— » st as n. 

In A+ we denote b -< c if there is a G A+ such that db = c. This define a partial order 
for A+. Here is an important result in Artin group theory. 

Theorem 5.9. [7], [14] For a G A"*", if ai ^ a, a, ^ a, then [■ ■ ■ ffjaJn^ j -< a. 

Now we can prove the following lemma. 

Lemma 5.11. Suppose G acts on a set S. Suppose there is a subset {vi, • • • ,Vn} of S 
such that 

(1) If my = 2k + 1 , then [siSj • • • ]2k(vi) = vj ; 

(2) If m^j = 2k, then [SiSj • • • ]2k-i (vj) = Vj; 

(3) //ma,j =2, then Si(vj) =Vj. 

(4) Si(vi) =Vi. 

Then an identity wSiW~^ = Sj in G implies w(Vi) =Vj. 

Proof. We prove it by induction on l(w). When l(w) = it is evident. Suppose the lemma 
is true when l(w) < k and suppose we have an identity wSiW~^ = Sj where l(w) = k. If 
l(wsi] = Uw) — 1, let w' = wsi. Since w'si(w')^^ = wsiW~^ = Sj, by induction we have 
w'(Vv) = y>y Which implies w(vi) = w'(vi) =Vj by (4). 

Now suppose l(wsO = l(w) + 1. Let Si^ • • • Si^ be a reduced form of w. We have 
Si, ■ ■ ■ Sii^si = SjSi, • • • Si^. Because both sides of the identity are reduced forms, by theo- 
rems. 8 we have o-^, • • • (yi^^i = ajo-^, • • • = T(wsi). 



Prom the condition Uwsi) = l(w) + 1 we know i]^ / i, so by theorem5.9 we have 

wsx) — a[- • • cr^i^aiJ^a^ i for some a € A^. Denote 7t(a) as w 
,and 7t([- • • cTiaii^lmt^ i-i ) as u. So w = w'u. An argument of length shows l(w'] = l(w) — 
l(u). There is uSiU~^ = Si^, and by (1), (2) , (3) we have u(vi) =Vi^. So w'si|^(w')^^ = 
wSiW~^ = Sj. By induction we have w'(Vi^) = vj which imphes w(Vi) = w'u(Vi) = Vj. 

□ 

Let R be the set of reflections contained in G. Let T = {^s>T^s}seR be a set of numbers 
satisfying [Xj = = t^/ if s and s' he in the same conjugacy class. We have the 

following theorem. 

Theorem 5.10. The algebra Bg(T) has the following presentation. 

• Generators: si , • • • , Sn, ei , • • • , en- 

• Relations: (l)sl = ^ for any i; 

(2) [stSj • • • ]^.. = [sjSi • • • Inxy for all i, j; 

(3) SvCi = et = CiSi for any i; 

(4) e? = TiCi, where Ti = Tj^; 

(5) StCj = CjSi and etej = ejet if roij = 2; 

( 6) ei[siSi • • • ]2i-i et = m-s, ei for ^ < I < k, where ttHj = 2k + 1 . 
Where e = i[i)if I is odd (even). 

(1) [siSj • • • ]2kei = ej [siSj • • • ]2k // my = 2k + 1 . 

(8) Ciwej = for any word w composed from {st, sj} // my = 2k. 

(9) ei[sjSi- • -lii-iei = ((Xg + M-s'Cy)ei /or 1 < I < k ,// my = 2k. Where Cy = 
[siSj • • - Ilk, s = [sjSi • • -lii-i and s' = trjs. 

(10) [siSj • • • ]2k-i ej = ej [siSj • • • ]2k-i // ttu,^ = 2k. 

Denote the algebra presented in theorem as B£(T) . The strategy is to construct a 
morphism from Bg(T) to Bg(T) and a morphism back, then prove they are the inverse of 
each other. 

In deflnition 5.1, we flrst suppose G is the Coxeter group with Coxeter matrix M, then 
reahze it as a reflection group through the geometric representation p : G ^ GL(V). We 
identify G with its image in GL(V), denote p(si) as St. Since G is real, the index set of 
reflection hyperplanes P are in one to one correspondence with the set of reflections R. So 
it is convenient to denote the reflection hyperplane of s G R as Hg and write ei in the 
deflnition as when = Hg. Let A = {HjIseR be the set of reflection hyperplanes. Deflne 
4)(sO = Si G GL(V), (l)(ei) = es^ for 1 < i < n. 

Lemma 5.12. cj) extends to a morphism from Bq(T) to Bg(T). 

Proof. We need to certify that cj) satisfles all relations of Bq(T). (1) to (4) are 
straightforward . When m^j = 2, The parabolic subgroup G(y} of G generated by St, Sj 
is Z2 X Z2. By [15], the set {Hg |Hs D Hj. n Hs^} are in one to one correspondence with 
reflections in Gj^ jj. Thus there are no other reflection hyperplanes containing Hj^ n Hj^ 
except and Hs^. So by deflnition 5.1 (4), c|)(ei)(|)(ej) = e^^e^^ = 65^65^ = c|)(ej)(|)(ei), so 
relation (5) is satisfled. 

When my = 2k+l , to certify that cj) satisfles (6) it is enough to show e^^ [siSj • • • ]2i-i = 
[Xges^. Denote the reflection [stSj • • • ]2i-i as s. The identity is equivalent to sCg^ses^ = i^esesi- 



By (3) of definition 5.1, it is equivalent to egs^s^si = [>-e^^si- By knowledge of dihedral 
groups , the only reflection conjugating St to ssts is s. So the last identity is a consequence 
of definitions. 1 (5). Because [siSj • • • likSikiSj • • • ]2]^ = Sj, so by Definitions. 1(3), we have 
[siSj • • -Jikesi = [siSj • • -Jik- So (7) is also satisfied by cj). 

When TOij = 2k > 2, Si and Sj don't he in the same conjugacy class, let w be any 
element in the parabohc subgroup of G generated by {Si, Sj}. Denote wSiW~^ as s. The 
reflection s he in different conjugacy classes with Sj. Now |{Ht |Ht D Hj fl Hj. }| = 2k > 2, 
so conditions for definitions. 1(9) are fulfilled and we have CsCsj = , which is equivalent to 
esiWCsj =0. So 4) satisfies (8). 

The facts that 4) satisfies (9), (10) can be proved similarly like the case of (6), (7). 

Now we construct a morphism from Bg(T) to Bg(T). First we need the following lemma. 
Let G acts on R by conjugation. 

Through making quotient of Bq(T) over the ideal generated by e(s, it isn't hard to 
prove that the morphism J from CG to Bq(T) by sending Si to St is injective. So for w G G 
we identify J(w) with w . And denote the imbedding image of R in Bq(T) as R'. Set 
E' = {weiW~^}weG,l<i<n, t = {es}seR. By definition of Bq(T), the conjugating action of G 
on E' satisfies conditions in lemmaS.lO. So the map i— > (1 < i- < n) extends to a 
G-equivariant bijection cp : E' ^ E. Define a map \|; : E n R — > E' n R' by \lj(es) = (p^^ (Cs), 
t]j(s) = s. We have the following lemma. 

Lemma 5.13. The map ■\\> extends to a morphism from Bg(T) to Bq(T). Still denote 
it as tp. 

Proof. We prove that i|j satisfies relation (5) in definitions. 1. The fact that i|) satisfies 
other relations can be proved similarly. Let s^, Sp G R such that {s G R |Hs D Hs„ fl Hgp} 2 
{Sa; sp}. Suppose the edge L = Hj^ n is in the closure of some Weyl chamber A. Let 
Ao be the fundamental Weyl chamber whose walls consist of {Hj, , • • • , Hj^}. Since G acts 
on the set of Weyl chambers transitively, there exists w G G such that wA = Aq. So, there 
exists w G G and 1 < i < j < n such that wL = Hg^ n Hg. . 

Denote the parabolic subgroup of G generated by {si,Sj} as Gy. Since ws^w^^ and 
wspw^^ fix every point in Hg^ n Hg. , there exist s,s G Rn Gy such that w\\)[es^)w^^ = s, 
w\|j(esp)w~^ = s. 

Denote the dihedral group of type l2(mij) as G'. Denote the set of reflections in G' as 
R'. Let 4) be the injective morphism from G' to G by sending Sq, Si to Si,Sj respectively. 
We consider the generalized algebra Bq/(T'), where the data T' = {Hs^T^slggR' is determined 
by setting (Xg = (x<j,(s), Xs = T:<i>{s) for s G R'. 

By the canonical presentation of Bg'(T ) in theorems. 8 and theorems. 9, the morphism 
4) can be extended to a morphism from Bg'(T') to Bg(T) by mapping eo, ei to ei, ej 
respectively. We still denote this morphism as cj). Let f = cj)^^ (s), f = cj)^^ (s). In Bg/(T') 
we have Cfef = ['L^^^'.^^^:f.[irr)er. Apply cj) to this identity we get 

6565 = (lT.gi5'.T.^T.=^MT<t>(r))es = (IseR:sss=sM-sS)es. 
The second equality is because (X(i,(Tj = (Xr, and 

{t|)(^)}reR':rfr=T = {« G R H Gy | SSS = s} = {s G R | SSS = s}. 



So by conjugating above identity by w ^ we have 

^P(es„)iKesp) =w~^esesW = (IseR:sss=sM-sW~^sw)esp = (IsGR:ssas=spM-ss)esp. 

By definition and 4) are apparently the inverse of each other, so theorems. 8 is proved. 
When M is a finite type Coxeter matrix of simply laced type, any two reflections in Gm are 
conjugate to each other. So in the data T, [Xj = [j., Tg = t for all s G R. Using lemma5.3 we 
can let 10.= 1. So Bg^(T) can be also denoted as Bg^(t). Those relations in theorems. 8 in 
these cases are actually the same as the relations of generaUzed Brauer algebras in [10]. 

Remark 5.4. The algebra Bg(T) can be defined for Coxeter groups of infinite type as 
well. 

The Cyclotomic G(m, l,n) cases. Let G be the cyclotomic pseudo reflection group 
of type G(m, l,n). As in [5], let V be a n-dimensional complex linear space with a positive 
definite Hermitian metric <,> , let {vi,--- ,Vn} be a orthonormal base. Then G can be 
imbedded in U(V). It's image consists of monomial matrices whose entries are m-th roots 
of unit. Here we give a concise description of some facts of G without proof. Suppose 
(zi, • • • ,Zn.) is the coordinate system corresponding to {vi, • • • ,Vn}. Let f, = exp( ^"^^ ). For 
i 7^ j, < a < m-1 , define Hy-a = ker(zi-f,%) = (Vi-f.'^Vj)-^. Define Hi = ker(zi) = (Vi)-^. 
ThenH?^=%._a. 

Let Si^j-a £ 1J(V) be the unique reflection fixing every points in Hf-. Let be the 
pseudo reflection defined by: Si(vi) = £,Vi; Si(vj) = Vj for j / i. Then the set A of reflection 
hyperplanes of G is {Hy;Q}i<j;o<Q<nt-i U {Hi}i<i<n^. The set of pseudo reflections R of G is 

{Si,i;a}i<j;0<a<m-1 11 (n]^^{s-'}i<i<n). 

The left side of above identity gives a decomposition of R into conjugacy classes. It is well 
known that G has a canonical presentation also as follows. 

Proposition 5.3. // set Sq = si; Si = Si^i+i-o for 1 < i- < n — 1, we have the following 
canonical presentation of G. 

• Generators: So, • • • , Sn-i . 

• Relations: S^ = S? = td for 1 < i < n — 1 ; S^Si+i Si = Si+i SiSi+i for 1 < i < n — 2; 
SiSj = SjSi for \i-j\> 2; SoSiSoSi = SiSoSiSq. 

Now we have a look at the algebra Bg(T). The data T now essentially consists of 

M,, m , • • • , |Xtt^_i , To, Ti . Where [Ls^ ..^^ = [l, [l^^ = [l^; Xn. ..^ = ti , Xh, = To. 
The following is a expUcit definition of Bg(T) according to definitionB.l. 

Definition 5.6. Here is the explicit definition o/Bg(T) when G is the pseudo reflection 
group of type G (m, 1 , n) . 

• Generators: {wj^eG U {eij;a}i<j;o<Q<m-i ^{ei}]<i<n- 

• Relations: (0) w-\W2 = W3 if w-\W2 = W3 m G; 

(^) Stj;a6i j-Q = Sij-QSijjQ = 2iJ;Q/ Si6i = CiSi = Ci/ 

(2) [^^■a]^ = T:iei,j;Q; [cif = xo^H 

(3) weij;a = ek,i;bw w(Hij;a) = Hic,i;b; wei = ejw i/ w(Hi) = Hj; 

(4) ei,j;aek,i;b = ek,i;bei,j;a i/{i,j}n{k,l} = 0; Ci^jaei, = ekCijja i/k ^ 



(5) eij;aei,k;b = M.Sj,k;b-aei,k;b for ] 7^ k; 

eiBj = (Il<a<m-lM-QSi,j;a)ej; 

(6) eij;aei = eteyja = 0. 

As in the real case, we define the following algebra Bq(T) and prove it is isomorphic to 

Bern. 

Definition 5.7. The algebra Bg(T) is defined with the following generators and rela- 
tions. 

• Generators: So, Si , • • • , Sn-i , Eq, Ei • • • , En-i ; 

• Relations: (1) SJ^ = S? = id for 1 < 1 < n — 1 ; SqSi SqSi = Si SqSi Sq; 
SiSj = SjSi for I i — j |> 2; SiSi+iSv = St+iSiSi+i for 1 < i < n — 1 . 

(2) E^ = tqEo; E? = TiEi /or 1 < i < n - 1 ; 

(3) Si (So)^SiEo = EflSi (So)^Si for any i; SiEo = EqSx fori>^ ; 
{So)% (So)MEi ] = El (So)^Si (So)^ for any i. 

StSi+iEi = Ei+iStSi+i for i > 1; S^Ej = EjSi for \ i-j\> 1. 

(4) SiU = Ei = EiSi. 

(5) EiS^o^i = ^iEi /or 1 < i < m - 1; EoSiEq = (I]^7VSiS^SiSo^)Eo. 

(6) EiEj = EjEi /or I I- j |> 2; EiEi+i = ^S^St+lSiEi+l . 

(7) EoV\/Ei = El WEo = for any word W of Si 's. 

Tiieorem 5.11. The algebra Bq(T) is isomorphic to Bg(T). 

Proof. The strategy of proof of this theorem is the same as for the real case. We construct 
a morphism O from Bq(T) to Bg(T) and a morphism ¥ in reverse direction. Once these 
morphisms are constructed, it is straight forward to see they are inverse of each other so 
the theorem is proved. The morphism O is constructed by setting 

0(So) = si;0(Si) = Si,i+i;o foTi> 1; (D(Eo) = ei; 0(Ei) = ei,i+i,o f or i > 1. 

It isn't hard to certify that Q> satisfying all relations in definitions. 5, so O can extend 
to a morphism. To define ¥, the main step is still the definition of ¥(ei) and ^(ey;a). The 
following lemma shows there are well defined elements Fi's and Ey-^'s such that if we set 

Then ¥ can extend to a morphism from Bg(T) to Bq(T) by certifying that it all relations 
in definition5.4. The proof is almost the same as in proof of lemma5.12 so we skep it. 

□ 

Construction of Ft and Fy.Q The following lemma is similar to lemmaB.lO. 

Lemma 5.14. Let G be the pseudo reflection group of type G(m, 1,n). Suppose G acts 
on a set S and suppose there is a subset {vo,Vi, • • • ,Vn-i} such that: 

(1) (So)'-Si(So)'-(vi) = VI for any i; Si (So)'-Si (vq) = vq for any i. 

(2) SiSi+1 (Vi) = Vi+1 /or i > 1 ; SiSi_i (Vi) = Vi_i /or i > 2. 

(3) Si(vj) =vj i/|i-j |>2. 

(4) St(vO = Vi. 

Where Si's are generators of G as in propositions. 3. For convenience of presenta- 
tion here we denote H] as Hq, Hi^i+i-o as Hi for i > 2. Then the identity w(BIi] = Hj 
implies w(vi) = v;, where w G G. 



Proof. In this case instead of using Artin monoid we prove it by direct computation. Let 
Vi = Si_i • • -Sitvo) for 1 < i < n; v?^ = (Sj_i • • -SiSoSi • • -Sj-O^Sj-i • • • Si+i (vi) for 1 < j-1; 
v?|_i_, = (Si. • • • So • • • Si.]'^(vi]. The following identities show that the set {vi}i<i<n, U {vy}i<i 
is closed under the action of G, and the map J : ^ ^ {vi}i<i<n U {v"j}i<j : 

Hi,j;a y>lp Hi Vi 

is G equivariant. Thus our theorem is proved. 

(a) So(vi) =Vi. 

So(vi) = Si_i • • • S2S0S1 (vo) = Si_i • • • SiSi • SiSqSi (vq) = Si_i • • • S2S1 (vq) = Vi. 

(b) SoK.)=v-i. 

SoK^i) = So(Si-i • • • So • • • Si_i rSi-i • • • S2(vi ] = (Si_i • • • So • • • Si_i )'^Si_i • • • S2So(vi ) 
= • • - So • • • Si_i)^-iSi_i • • • SiSoSiSo(vi) = (Si_i • • • So • • • Si-ij-^-^Si-i • • • S2(vi) 

(c) So(v[;.)=vi;jifi>2. 

So(vf;p = So(Sj_i • • • SiSoSi • • • Sj_i)^Sj_i • • • Si+1 (vi) 
= (Sj_i •••SiSoST--Sj_i)"Sj_i •••Si+iSo(vi) =v?j. 

(d) Si(Vi) =Vi+i for i> 1. 
Si(vi) = SiSi_i • • • Si (vo) = Vi+1 . 

(e) Si(Vi+i) =Vi for i > 1. 
Equivalent to (d). 

(f) Si(vj) = Vj if i 7^ and j 7^ i, i + 1 . 

Jt^I, i + 1 <^i>j ori<j — 1.1fi>j then Si(vj ) = SiSj_i • • • Si (vo) 
= Sj_i • • • SiSi(vo) = Vjj If i < j - 1 then St(vj) = SiSj_i • • • Si(vo) 
= Sj_i • • • SiSi+iSi • • • Si (vo) = Sj_i • • • Si+iSiSi+i • • • Si (vo) 
= Sj_i •••SiSi+i(vo) =Vj. 

(g) Hvl)=n+^,x ifl>i + 2. 
First we have 

Si(Si_i • • • So • • • Si_i ) = Si_i • • • StSi+iSt • • • So • • • Si_i 

= Si_i • • • Si+i SiSi+1 • • • So • • • Si_i = Si_i • • • So • • • Si+i SiSi+i • • • Si_i 

= (Sv-1 • • • So • • • Si_i)Si. 

So 

Si(v[;j = Si(Si_i • • • So • • • Si_i )'^Si_i • • • Si+i (vi) 
= (Si_i ■ ■ ■ So • • • Si_i )'*SiSi_i • • • Si+1 (vi) 
= (Sv_i • • • So • • • Sv_i )'*Si_i • • • Si+2SiSi+i (vi) 
= (Si_i • • • So • • • Sv-1 YSx-^ ■ ■ ■ Si+2(vi+i ) = 

(h) Si(v[;.)=vf;,+, forKl 

Si(v[;j = Si(Si_i • • • So • • • Si_i )^St_i • • • Si+1 (Vi) 

= (si • • • So • • • Sii'^SiSi-i • • • Si+1 (vi) = vf;,+i . 

(i) Sdvl,^=vl, if{k,i}n{i,i + i} = 0. ' 

Si(v^,i) = Si(Si!i • • • So • • • Si_i )-Si_i • • • Si,+i (Vk) 

□ 



5.4 A variation of Bg(T) 



In definitions. 1 of the algebra Bg(T), if we replace the relation (6) with the following weaker 
relation 

(6)'. e^ej = ejei, if {k G IIH^ D HinHj}/{l,j} and R(i,j) =0, 

we obtain an algebra 6g("1^) larger than Bg(T). It isn't hard to certify that 6g(T) is also 
finite dimensional, the connection O as in propositions. 1 is still flat and G-invariant, and 
^gC"^) still contain the generalized Krammer representations. In the following we explain 
the reason that taking Bg(T) as the generahzed Brauer algebra but not ^gC^)- 

Two important features of the Brauer algebra ^^^(t) are that for generic t the algebra 
Br^[x) is semisimple and that for all t the algebra Btt_[x) have the same dimension. We hope 
that generahzed Brauer algebras should also hold these features. The following two lemmas 
show that these features don't hold for §g {""")• 

Here we consider the cases when G are dihedral groups. Notations are from section 5.2. 
In dihedral group G of type l2(2k + 1), for any two reflection St, Sj the set R(l, j) / 0, so 
in the corresponding algebra Bg(T) the condition (6) doesn't appear, we only consider the 
cases when G is a dihedral group of type l2(2k]. The main result of this section is the 
following proposition. 

Proposition 5.4. (1) Let G he dihedral group of type liilrC). Let Hi,Hj he a pair of 
reflection hyperplanes such that R(i,j) = 0, and SiSj / SjSt. Suppose SiSjS^ = s^. In the 
algebra ^q[T), ifT satisfies the condition: (x^zt M.[n,+i] — T)^ / 0, then for any irreducible 
representation (V, p) o/6g(T) we have p(ei)p(ej) = p(ej)p(ei) =0. 

(2) Let G be dihedral group of type l2(2n). Let Hv,Hj be a pair of reflection hy- 
perplanes such that R(i,j) = 0, and s^Sj = SjSi. In the algebra ^q{T), ifT satisfies the 
condition Tod^i ib|j^) 7^ and ^2±M-[n+2]~T^4 / 0> then for any irreducible representation 
(V,p) o/6g(T) we have p(ei)p(ej) = p(ej)p(ei) =0. 

Proof. (1) First we have etCj = SietCj = SiCjCi = StejSiCi = e^ei. The second equahty is by 
using relation (6)'. 

So e^ieiej) = ie\^)^ei = Ti^(ekei) = xy^e^ey On the other hand, 

ek(eiej) = {e\,e])ei = (laiSi + \^[n+i]S[^+x])^]^i■ 

Now c = SiS[|^+|] is central in §g("I^), so in the irreducible representation (V, p), p(c] 
is a constant. Since = 1, so this constant is 1 or —1. When p(c) = 1, (|Xip(si) + 
Rn+i]p(s[n+i]))p(ej)p(ei) = (^ip(si] + mn+i]P(si])p(ei)p(ej) = + M,[n+i])p(ej)p(ei). So 
((li + (J.[Ti+i] — T^k)p(£i)p(2j) = and the condition in statement (1) imply p(ei)p(ej) = 0. 
Similarly when p(c) = — 1, we have — Rn+i] — T^k)p(ei)p(ej) = and the condition in (1) 
implies p(ei)p(ej) = 0. 

(2) By checking action of reflections on the set of reflection hyperplanes it isn't hard to 
see the cases in statement (2) only happen when n = 2k + 1 and j = [i + 2k + 1]. First we 
consider the case 1 = 0, j = 2k + 1. Remember the central element c = SiSpk+i+y = SoS2k+i 
for any i, so 

Si(eoe2k+l) = S[2k+1+i]SoS2k+ieoe2k+1 = S[2k+l+i]SoS2k+ie2k+ieo = S[2k+1+i]eoe2k+l- 

Now let (V,p) be an irreducible representation of 6g(T) in which c acts as Idy. On the 
one hand p[(|ioS2k+2 + |J-iSi)e2Si(eoe2k+i)] = p[(^oS2k+2 + M-iSi )si (eo)^e2k+i] = p['ro(^o + 



M-1 )eoe2k+i]- Where the second identity is by using relations of Bg(T) and by using above 
identity. 

Ontheother hand p[(i^S2k+2+M-iSi)e2Si(eoe2k+i)] = p[eoe2Si (eoe2k+i )] = p[si e2eoeoe2k+i] = 
p[ToSie2eoe2k+i] = p[toSie2e2k+ieo]. Since R(2,2k + 1) = 0, and S2S2k+i / S2k+iS2, so by 
statement (1) and by conditions in (2), since S2S2k+iS2 = S4, we have p(e2e2k+i) = 0. So 
T^o(l^ + M-i ]p(eoe2k+i ) = T^oP(sie2e2k+ieo) = 0. The condition in statement (2) then imphes 
p(eo)p(e2k+i) = 0. 

□ 

Remark 5.5. Canonical presentations o/Bg(T) may help to find possible deformations 
of these algebras, i.e, the generalized BMW algebras. We also hope to find Bg(T) in 
some other settings, for example, find geometric constructions of these algebras. 
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